Implications in team semantics setting

Fan Yang

University of Helsinki, Finland

LoglCCC Final Conference
Berlin, September 15-18, 2011

1/49



Outline

Dependence Logic with implications
m “Classical” implication
m Intuitionistic Implication
m Linear Implication

Independence Logic with implications
m Intuitionistic Implication and Linear Implication

m Maximal implication

2/49



Dependence Logic with implications

Dependence Logic

D=FO + =(xy,...,Xn, ¥)

Well-formed formulas of D (in negation normal form) are given
by the following grammar

¢u=a|=(X1,..., X Y) | 2 =(X1,..., Xn, ¥) | pA® | pR¢ | VX | X

where « is a first order literal.
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Dependence Logic with implications

Team Semantics

Let X be a team and M an L-structure.
B M =x a with « first-order literal iff M =5 o for all s € X

B MpEx=(x1, - ,Xp) iff for all s, 8" € X such that
s(x1) =8(x1), -+, S(Xn_1) = §'(Xn—_1), We have
s(xn) = 8'(xn)

| M):X_‘:(Xh"' ,Xn) IffXZ@

BMExoANYIfMEx gand M =x ¢

BEMExouiff X=YUZst. MEydpand M =z ¢

B M =x 3x¢ ift M f=xr/x) ¢ forsome F: X — M

m M x Vx¢ift M =xm/x) ¢
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Dependence Logic with implications

Constancy dependence atom

M =x =(x) iff for all s, 8" € X s(x) = §/(x).

So
51
So
S3
S4
S5

LD L L YL DL D X
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Dependence Logic with implications

Important Properties of D

Theorem (Downwards Closure)
For any formula ¢ of D, if M =x ¢ and Y C X, then M =y ¢.

Theorem (Empty Team Property)

Empty team satisfies every formula ¢ € D in every model M, i.e.
M =y ¢ for every ¢ € D and every M.
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Dependence Logic with implications

Expressive power of D

On sentence level
[Enderton, Walkoe, Védananen]

] ' D |
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Dependence Logic with implications

Expressive power of D

On formula level

Theorem (Kontinen, Vaananen)

Restricted to nonempty teams, open formulas of D are
equivalent to ¥ downwards monotone sentences with a new
predicate R interpreting the teams.

IR ) (#0) . D |
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Dependence Logic with implications
@00

“Classical” implication

“Classical” implication

Classical implication in classical FO:

O DY =g VY

Similarly in D, we can define:

POYP =g P RY

D-° =D

9/49



Dependence Logic with implications
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“Classical” implication

“Classical” implication

Another possibility:

In D, we can define:

MEx ¢ 3¢ iff MEx g or M iEx o

Consider a new disjunction @, called classical disjunction:

MEx ooy it MiEx ¢or MEx ¢
Consider also classical negation ~, defined by:

Mzx~ ¢iff M Ex ¢

Then
pIY=(~9)0y

D- =D~
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Dependence Logic with implications
ooe

“Classical” implication

D~ =Team logic

D~ =Team logic [Vd&dnanen 2007]

Theorem (Vaananen)

On the level of sentences, team logic is equivalent to SO.

Theorem (Kontinen, Nurmi)

Restricted to nonempty teams, open formulas of team logic are

equivalent to SO sentences with a new predicate R interpreting
the teams.
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Dependence Logic with implications
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Intuitionistic Implication

[Abramsky, Vaananen)]
We can define two implications which satisfy the following:

PNV EX=dEY =X

PRV EXE=PEY — X
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Intuitionistic Implication

[Abramsky, Vaananen)]
We can define two implications which satisfy the following:

PNV EX=dEY =X

PRV EXE=PEY — X

Intuitionistic Implication:
MEx ¢ —»yiffforall Y C X, if M=y gthen M =y ¢

Linear Implication:
Ml=x ¢ —oiffforall Y, if M =y ¢ then M =xuy ¢
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Dependence Logic with implications
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Intuitionistic Implication

[Abramsky, Vaananen)]
We can define two implications which satisfy the following:

PNV EX=dEY =X

PRYEXEPEY —oX
Intuitionistic Implication:
MEx ¢ —»yiffforall Y C X, if M=y gthen M =y ¢

Linear Implication:
Ml=x ¢ —oiffforall Y, if M =y ¢ then M =xuy ¢

Both implications preserve downwards closure.
Hence, DI~ £Team logic.

— preserves empty team property, while — does not.
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Dependence Logic with implications

(o] lelelelelelelele]e)
Intuitionistic Implication

[Abramsky, Vaanéanen]
We can define two implications which satisfy the following:

PNV EX=dFEY =X
PRV EX=PEY X

Intuitionistic Implication:
MiEx ¢ —yiffforall Y C X, if M=y gthen M =y ¢

Linear Implication:
Mi=x ¢ — yiffforall Y, if M =y ¢ then M =xyuy ¢

Both implications preserve downwards closure.
Hence, D[ -£Team logic.

— preserves empty team property, while — does not.
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Dependence Logic with implications
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Intuitionistic Implication

Break dependence atom into pieces
[Abramsky, Vaananen]
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Dependence Logic with implications
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Intuitionistic Implication

Break dependence atom into pieces
[Abramsky, Vaananen]

=(x1, X0, ) =(=(X1) A A =(xa) ) = =(¥)

M: {a7b7 07 d7 e}: X:{SO,S‘],SZ,SB,S4755}
M Ex=(x1, X2, y) iff M =x ( =(x1)A =(x2) ) ==(¥)

Xy X2 Yy
S a b ¢
sy a b ¢
SS b d e
ss b d e
sS4 a b c
ss a b c
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Dependence Logic with implications

O0000@000000

Intuitionistic Implication

Break dependence atom into pieces
[Abramsky, Vaananen]

=(x1, X0, ) =(=(X1) A A =(xa) ) = =(¥)

M: {a7b7 07 d7 e}: X:{So,S1,SQ,S3,S4,S5}
M Ex=(x1, X2, y) iff M =x ( =(x1)A =(x2) ) ==(¥)

Xy X2 Yy
S a b ¢
ss a b ¢
SS b d e
ss b d e
sS4 a b c
ss a b c
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Dependence Logic with implications
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Intuitionistic Implication

Break dependence atom into pieces
[Abramsky, Vaananen]

=(x1, X0, ) =(=(X1) A A =(xa) ) = =(¥)

M: {a7b7 07 d7 e}: X:{So,51,32,33,34,s5}
M Ex=(x1, X2, y) iff M =x ( =(x1)A =(x2) ) ==(¥)

Xy X2 Yy
S a b ¢
ss a b ¢
SS b d e
ss b d e
ss a b c
ss a b c
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Dependence Logic with implications
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Intuitionistic Implication

Break dependence atom into pieces
[Abramsky, Vaananen]

=(x1, X0, ) =(=(X1) A A =(xa) ) = =(¥)

M: {a7b7 07 d7 e}: X:{So,51,32,33,34,s5}
M Ex=(x1, X2, y) iff M =x ( =(x1)A =(x2) ) ==(¥)

Xy X2 Yy
S a b ¢
ss a b ¢
SS b d e
ss b d e
ss a b c
Sss a b c
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Dependence Logic with implications e Logic with implications
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Intuitionistic Implication

Armstrong’s Axioms v.s. Heyting’s axioms of
Intuitionistic Logic [Abramsky, Vaananen]

Armstrong’s Axioms Heyting’s Axioms of Intuitionistic Logic
=(x, x) =(x) = =(x)
If =(x,y,z), then =(y, x, z) If =(x)A=(y) — =(2),
then =(y)A=(x) — =(2)
If =(x, x,y), then =(x, y) If =(x)A=(x) —=(y),
then =(x) — =(y)
If =(x, z), then =(x, y, 2) If =(x) —=(2),
then =(x)A=(y) — =(2)
If =(x,y) and =(y, 2), If =(x) —=(y) and =(y) —=(2),

then =(x, z) then =(x) — =(2)
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Intuitionistic Implication

Expressive power of D™ sentences

D~ is equivalent to SO, on the level of sentences.
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Dependence Logic with implications
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Intuitionistic Implication

Expressive power of D™ sentences

D~ is equivalent to SO, on the level of sentences.
Proof. For example, the SO sentence
¢ = VfAgvx(fx # gx),
is equivalent to the D~ sentence
¢* = Vxvu( =(x,u) = Iv(u # v)),
in the sense that for any model M,

ME ¢ — M= ¢".
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Dependence Logic with implications
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Intuitionistic Implication

Expressive power of D™ sentences

D~ is equivalent to SO, on the level of sentences.
Proof. For example, the SO sentence
¢ = VFfIgvx(fx # gx),
is equivalent to the D™ sentence
¢" = VXV ((=(x) —+=(u)) = Iv(u £ v)),
in the sense that for any model M,
ME¢ — MgEyo". O
In fact, “constancy D = SO”,
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Dependence Logic with implications

0000000000

Intuitionistic Implication

Expressive power of D™ sentences

D~ is equivalent to SO, on the level of sentences.

Proof. For example, the SO sentence
¢ = VFfIgvx(fx # gx),
is equivalent to the D™ sentence
¢" = VXV ((=(x) —+=(u)) = Iv(u £ v)),
in the sense that for any model M,
ME¢ — MgEyo". O

In fact, “constancy D~ = SO”,

although “constancy D = FO”, on sentence level. [Galliani]
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Dependence Logic with implications
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Intuitionistic Implication

Expressive power of D, D[~ sentences

On sentences level

D is equivalent to SO.

Corollary

D=~ js equivalent to SO.

SO iD~, Constancy D, DI~ |

2 LN

FO ‘FO FO ™, Constancy D |
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ependence Logic with implications

Definition

Let R be a k-ary relation symbol and ¢(R) a second order L(R)
sentence. We say that ¢(R) is downwards monotone with
respect to R if for any L(R) model (M, Q) and Q' C Q,

(M, Q) = é(R) = (M, Q) = ¢(R).
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Dependence Logic with implications
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Linear Implication

Expressive power of D[~ open formulas

Any team X of M with dom(X) = {x1,...,xp} corresponds to a
relation on M:

rel(X) = {(s(x1),...,8(xn)) | s € X}
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Dependence Logic with implications

Oe000

Linear Implication

Expressive power of D[~ open formulas

Any team X of M with dom(X) = {x1,...,xp} corresponds to a
relation on M:

rel(X) = {(s(x1),...,8(xn)) | s € X}

Theorem

For any DI=—1 [-formula ¢(X), there exists a SO
L(R)-sentence v)(R) downwards monotone w.r.t. R such that
for any L-model M, any team X,

Mi=x ¢(x) < (M, rel(X)) = ¢(R).
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Dependence Logic with implications

Linear Implication

Expressive power of D[~ open formulas

Theorem

For any SO L(R)-sentence ¢(R) downwards monotone w.r.t. R,

there is aD~ L-formula 1)(X) such that for any L-model M, any
nonempty team X

(M, rel(X)) = ¢(R) < M =x ¢(X).
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Dependence Logic with implications

Linear Implication
Expressive power of D[~ open formulas

Theorem

For any SO L(R)-sentence ¢(R) downwards monotone w.r.t. R,
there is aD~ L-formula 1)(X) such that for any L-model M, any
nonempty team X

(M, rel(X)) = ¢(R) < M =x ¢(X).

Proposition

For any SO L(R)-sentence ¢(R) downwards monotone w.r.t. R,
there is a DI~ L-formula x(X) such that for any L-model M,

(M, rel(0)) = ¢(R) <= M =g x(X)-
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ependence Logic with implications

Theorem

For any SO L(R)-sentence ¢(R) downwards monotone w.r.t. R,
there is a DI=—1 L-formula (X) := ¢ ® (L A x) such that for
any L-model M, any team X

(M, rel(X)) = ¢(R) < M [=x 6(X).
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Dependence Logic with implications
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Linear Implication

Expressive power of D[~ open formulas

On formulas level
Theorem

Restricted to nonempty teams, D~ characterizes exactly
second order downwards monotone properties.

Theorem

D=~ characterizes exactly second order downwards

monotone properties.
SO(R |) Dl
SO(R |) (# 0) D |

SR ) (#0) ' D |
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Independence Logic with implications

Independence logic, Inclusion/Exclusion logic

Well-formed formulas of Ind (in negation normal form) are
given by the following grammar

pu=alXLlzy | oNd|d® 0| Vx| IxP

Well-formed formulas of I/E-logic (in negation normal form) are
given by the following grammar

pu=al XCY[X[Y[one|d®¢|Vxe|Ixd
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Independence Logic with implications

B MpEx Xx L;yiffforall s,s’ € X such that s(z) =
there exists s” € X such that s"(z) = s'(z) = s(z

s"(X) = s(x) and s"(y) = s(¥).

B MEx x| ywith [x| = |y| iff Vs, s" € X, s(Xx) # §'(¥).

B MEx x Cywith [x| = |y| iff Vs € X, 38’ € X such that
s'(y) = s(%).

m (Lax semantics) M |=x Jx iff there is a function
F:X— p(M) \ {@} such that M ’:X[F/X] ©, where

s'(2),
);

X[F/x]={s(a/x)|se€ X,ac F(s)}.
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Independence Logic with implications

Constancy independence atom

MEx x Ly x iffforall s, 8" € X s(x) = §'(x).

So
51
So
S3
S4
S5

LD L L YL DL D X
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Independence Logic with implications

Expressive power of Ind, ILE

On formulas level [Galliani]

! Indepence logic, |
' Inclusion/Exclusion logic |
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Independence Logic with implications

Expressive power of Ind, ILE

On formula level [Galliani]

Exclusion logic, |
Dependence logic |

,,,,,,,,,,,,,,,

ed under subsets
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Independence Logic with implications

Expressive power of Ind, ILE

On formula level [Galliani]

Indepence logic, ;
Inclusion/Exclusion logic 21(R) (# 0)

fffff e ——

xclusion logic, 1

Li(R1) (#0)

Dependence logic ™
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Independence Logic with implications

Expressive power of Ind, ILE

On sentence level [Vaananen, Gradel, Galliani]

5! 'Ind, VE, E, D

FO ' FO (team), Constancy D |
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Independence Logic with implications
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Intuitionistic Implication and Linear Implication

Intuitionistic Implication and Linear Implication

In Ind

PNV EXEFOEY =X
PRV EXGF>OEY —x
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Independence Logic with implications
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Intuitionistic Implication and Linear Implication

Expressive power of Ind~, Ind™~!

For sentences:

Ind~ and Ind!™! are equivalent to SO on the level of
sentences

¥ 'Ind, VE, E, D‘

FO i FO (team) |
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Independence Logic with implications
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Intuitionistic Implication and Linear Implication

[=,—]

Expressive power of Ind

For open formulas:

e One direction:

Theorem

For any Ind[=— L-formula ¢(X), there exists a SO
L(R)-sentence ¢ (R) downwards monotone w.r.t. R such that
for any L-model M, any team X,

MEx ¢(X) < (M, rel(X)) = ¢(R).
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Implication and Linear Implication

Expressive power of Ind™ ]

For open formulas:
e The other direction:

Theorem

For any SO L(R)-sentence ¢(R), there exists alnd™ L-formula
1 (X) such that for any L-model M, any nonempty team X

(M, rel(X)) = ¢(R) < M =x ¢(X).
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[o]e]e] lelele]

Implication and Linear Implication

Expressive power of Ind™ ]

For open formulas:
e The other direction:

Theorem

For any SO L(R)-sentence ¢(R), there exists alnd™ L-formula
1 (X) such that for any L-model M, any nonempty team X

(M, rel(X)) = ¢(R) < M =x ¢(X).

Proposition

For any SO L(R)-sentence ¢(R), there exists a Ind[=—]
L-formula x(x) such that for any L-model M,

(M, rel(0)) = ¢(R) <= M =g x(X)-
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Independence Logic with implications
[e]e]e]e] lelele)

Intuitionistic Implication and Linear Implication

Expressive power of Ind™

On formulas level

Restricted to nonempty teams, Ind™ characterizes exactly
second order properties.

SO(R) (# ) Ind” |
SO(R ) D,

SO(R|) (#0) D

IR ) (#0) ' D |
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Independence Logic with implications
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Intuitionistic Implication and Linear Implication

[=,—]

Expressive power of Ind

Ind[™~I£Team Logic

Theorem (Kontinen, Nurmi)

For every formula ¢ of team logic one of the following holds:
m My ¢ foral M
m My ¢ forall M

In Indl=—],
BMpEy T — IXVy(x =y)iff (M| =1
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Intuitionistic Implication and Linear Implication

Break independence atom into pieces
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Intuitionistic Implication and Linear Implication

Break independence atom into pieces
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Intuitionistic Implication and Linear Implication

Break independence atom into pieces
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Intuitionistic Implication and Linear Implication

Break independence atom into pieces
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Independence Logic with implications
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Maximal implication

Maximal implication

Definition (Maximal implication)

M =x ¢ — ¢ iff for all maximal Y C X such that M |=y ¢, it
holds that M =y .

< preserves empty team property.
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Independence Logic with implications
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Maximal implication

Break independence atom into pieces

)_(J_E}_/E((Z1 J_@Z1)/\"‘/\(ZnJ—(Z)Zn))(_>()_(J-fD}_/)
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Independence Logic with implications
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Maximal implication

Break independence atom into pieces

)_(J_E}_/E((Z1 J_@Z1)/\"'/\(ZnJ—(Z)Zn))(_>()_(J-®}_/)

Example: x L2z, y=((z1 Ly z1) A (22 Ly 22)) — (X Ly ¥)

Z1 2o X Y
s a b b c
ss a b d e
ss b ¢ d c
s3 ¢ d b c
ss a b b e
ss a b d c
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Independence Logic with implications
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Maximal implication

Break independence atom into pieces

)_(J_E}_/E((Z1 J_@Z1)/\"'/\(ZnJ—(Z)Zn))(—>()_(J-®}_/)

Example: x Lzz, y=((z1 Lo z1) A (22 Ly 22)) — (X Ly ¥)

Z1 2o X Y
s . a b b c
ss a ' b d e
ss b ¢ d c
s3 ¢ d b c
s, a b | b e
ss a b d c
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Maximal implication

Expressive power of logics

On sentence level

D, E~,(I/E)~,Ind~, Ind™—),

I
|

SO ! 1
DT ETITL(I/E)7 Ind

¥ 'Ind, VE, E, D |

FO 'FO (team) |

46/49
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Maximal implication

Expressive power of logics

On formula level

. (I/E)~,Ind™
17, (1/E)~,Ind "
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Maximal implication

Expressive power of logics

On formula level

(I/E)~,Ind™

I (1/E) . Ing—> SO (70)

pl+— g5~ SO(R |)

D™.E” SO(R!)(#0)

O ED " XI(R)(#0)
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Maximal implication

That’s all!

Thank you!
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