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Purpose of the visit

Carrying on a joint project with Matthias Meiners (TU Darmstadt), concerned with the following
question:

Given a collisional gain operator

S : µ 7→ law of (LV1 +RV2) ,

where V1, V2 are iid with law µ and independent of (L,R), the aim of the project is to describe all
steady state distributions µ∞ of the associated evolution equation, i.e. all probability laws µ∞ such that
Sµ∞ = µ∞ for a wide class of (L,R), namely taking values in the set H of similarities, i.e. products of
a rotation and dilation of Rd. This includes in particular the cases of real-valued or complex-valued L
and R. The classical Kac caricature of the Boltzmann equation corresponds to (L,R) = (cos θ, sin θ),
with θ being uniformly distributed on [0, 2π] and being interpreted as the random angle of collision
between two particles.

Description of the work carried out during the visit

Having identified all steady state distributions as being infinitely divisible with a random Lévy triple
(W,Σ, ν), we first discussed the possible shapes of the random Lévy measure ν and the random
covariance matrix Σ. We recognized a strong dependence between uniqueness of ν or Σ and the
multiplicative subgroup G ⊂ H, generated by the joint support of L and R. For example, if G = H,
then ν is unique up to scaling, while for discrete G, there is a vast class of possible ν. The case
of discrete G corresponds to a restriction of the collision angle. In the second week, we focused on
identifying the random shift W which we believe to vanish except for situations where E(L + R) has
eigenvalue one, i.e. mean conservation of momentum.

Description of the main results obtained

The properties of steady state distributions can be described in terms of

• the convex function m(s) := E|L|s + |R|s, namely via α := min{s ∈ (0, 2] : m(s) = 1} if such
exists, and

• the multiplicative (sub)group G generated by the joint support of L and R.

We obtained a complete description of the possible Lévy measures and covariance matrices, and iden-
tified W except for the case α = 1. We have proven that steady state distributions are unique (up
to multiplication with a scalar) if G is no proper subgroup and α < 1, or if α ∈ (1, 2) and addi-
tionally E(L + R) has no eigenvalue equal to one. If G is a proper subgroup, more solutions appear,
corresponding to the subsets of Rd which are invariant under G.

Future collaboration with host institution

We are still working on identifying W in the case α = 1. Previous works of Matthias Meiners indicate
that there is no immediate answer. In fact, we believe that one has to prove convergence rate results
for general branching processes; this will be the purpose of a future visit.

Projected publications

As soon as the remaining open question is resolved, the results will be published and support by the
ESF will be gratefully acknowledged.


