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Mathematical fuzzy logic



t.ukasiewicz logic t
Connectives: implication — and ‘falsum’ L (we set —p = p — 1)

(Standard) semantics: evaluation is a mapping e: FOR — [0, 1] st:

e(L)=0 e(p— 1Y) =min{l,1 —e(p) +e(y)}
Tautologies: formulae always evaluated to 1

Theorems: formulae derived (in the usual way) using Modus Po-
nens (from ¢ and ¢ — 9 infer @) from the axioms:

o — (P — )

(o =) = (Y = x) = (©— X))
(= ) = (Y — »)

((p =) =) = (Y =) = )

Completeness: Thm(t) = Taut(t)



Multitude of fuzzy logics

Fuzzy logics in ‘full language’ (—,~,&,A,V,0,1, 1L, T): +, G, I,
BL, SBL, wCBL, MTL, IMTL, SMTL, WNM, NM, WCMTL,
MMTL, psMTL", psBL", UL, IUL, ULM, psUL, ...

We have families of their extensions: L, L<n, C,L, S,L, ...

We can add truth constants: just distinguished ones like %
all rationals, or from a set C C [0, 1]

We can add unary connectives: A, ~, dn, vt, st, ...
We can add binary connectives: ®, —pn, - - .

We can study fragments: pure implicational, L-free, ...



Consequence relations

Semantically: T =4 ¢ if for each evaluation s.t. e[T] C {1}
also e(p) =1

Syntactically: T 4 ¢ if there is a proof using formulae of T
as special axioms

1st problem: equivalence ‘T' =4 ¢ iff T'; ' holds for finite T only

2nd problem: consider rule from ¢ — =@ and - — ¢ infer L.

® o=, >l L
e if we add it as a new inference rule to tukasiewicz logic we get
no new theorems

PC, G. Metcalfe. Structural Completeness in Fuzzy Logics. Notre
Dame J. of Formal Logic, 50(2):153—-183, 2009



Abstract study of fuzzy logics: semilinearity

PC, C. Noguera. Implicational (semilinear) logics I: a new hierar-
chy. Archive for Mathematical Logic, 49:417—446, 2010

Fact: any logic (as consequence relation) has its algebraic (matrix)
semantics

An implicational logic has ‘nice’ implication connective which
defines order in its algebras

A semilinear logic is complete w.r.t. its algebras which are
linearly ordered

It a mathematical approximation of the notion of fuzzy logic as
used in the literature.



Abstract study of fuzzy logics: density

Being complete w.r.t. all chains need not be enough: we sometimes
want completeness w.r.t. better classes of chains (in extreme w.r.t.
just one particular algebra as in the case of t.ukasiewicz logic)

A. Ciabattoni, G. Metcalfe. Density elimination. Theoretical Com-
puter Science, 403(2-3):328—-346, 2008



Adding truth constants

F. Esteva, L. Godo, C. Noguera. First-order t-norm based fuzzy
logics with truth-constants: distinguished semantics and complete-
ness. Annals of Pure and Applied Logic, 161:185—202, 2009

Z. Hanikova. Logics with truth constants for delimiting idempo-
tents. Submitted



First-order fuzzy logic

Decidability and arithmetical hierarchy

e F. Montagna, C. Noguera. Arithmetical complexity of first-order
predicate fuzzy logics over distinguished semantics. Journal of
Logic and Computation, 20:399-424, 2010

e P. Hajek. Comments on interpretability, decidability and other
topics on fuzzy logic. To appear in J. of Logic and Comp.

e M. Baaz, A. Ciabattoni, N. Preining. SAT in Monadic Goedel
LLogics: a borderline between decidability and undecidability. In
Proc. of the 16th LLIC, LNCS, 5514:113—124, 20009.

Model theory

e P. Dellunde. Preserving Mappings in Fuzzy Predicate Logics.
To appear in Journal of Logic and Computation.

e M. Baaz, G. Metcalfe. Herbrand Theorems and Skolemization
for Fuzzy Logics. In Proceedings of CiE 2008, LNCS vol, 5028,
pp. 22—31, Springer, 2008



First-order fuzzy logic cont.

Proof theory

e M. Baaz, A. Ciabattoni, C. Fermuller. Cut Elimination for First
Order Godel Logic by Hyperclause Resolution In Proceedings
of the 15th LPAR, LNCS, vol. 5530, pp. 451-466, 2008

e A. Ciabattoni, N. Galatos, K. Terui. From Axioms to Analytic
Rules in Nonclassical Logics. In Logic in Computer Science,
pp. 229—-240, IEEE, 2008

Fuzzy description logics

e . Bobillo, F. Bou, U. Straccia. On the Failure of Finite Model
Property in some Fuzzy Description Logics. Fuzzy Sets and
Systems, 171:1-12, 2011

e A. Garcia-Cerdana, E. Armengol, F. Esteva. Fuzzy Description
LLogics and t-norm based Fuzzy Logics. To appear in Int. J. of
Approximate Reasoning.



Modalities in fuzzy logics

e P. Hajek. On the fuzzy modal logic S5(C). To appear in Fuzzy
Sets and Systems.

e F. Bou, F. Esteva, L. Godo, R. Rodriguez. On the Minimum
Many-Valued Modal Logic over a Finite Residuated Lattice.
To appear in Journal of Logic and Computation, 2010

e G. Metcalfe, N. Olivetti. Proof Systems for a Godel Modal
LLogic. In proc. of TABLEAUX 2009, LNCS, vol. 5607,
pp. 265-279, 2009



Handbook of Mathematical Fuzzy Logic

e edited by: P. Cintula, P. Hajek, C. Noguera

e to be publish in College Publication

e 11 chapters by 19 authors (11 from LoMoReVI!)

e 900+ pages in 2 volumes

e purely mathematical and theoretical work: no philosophy, lin-
qguistics, or applications.
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