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I visited Friedrich-Alexander University Erlangen-Nuremberg in Erlangen, Germany, to work with
Prof. Andreas Greven and Jan M. Swart on a project on renormalization analysis of hierarchically
interacting diffusions taking values in the quadrant. This project is joint work with D. A. Dawson, A.
Greven, F. den Hollander and J. M. Swart, which we expect to result in a series of three papers. The
first paper titled The renormalization transformation for two-type branching models: I. Construction
and basic properties ([DGHSS]) is in preparation. First we recall some background and then we will
outline the main results in the first paper.

We are interested in a system of interacting diffusions X¢(t) = (X¢1(t), X¢2(t)) € [0,00)? indexed
by the hierarchical lattice €y, which evolve according to the coupled SDEs

dXea(t) = C Y an(n,€)(Xna(t) = Xea(t)) dt + /291(Xe(t)) dBea(t),

neQN (1)
dXeo(t) =C Y an(n,&)(Xpa(t) — Xea(t)) dt + \/292(Xe(t)) dBe o(t),
neQN

where £ € Qn, C > 0, any(n,&) is a random walk transition kernel on Qy, g1, g2 are diffusion functions
satisfying some regularity conditions, and {(Be 1, B¢ 2) }eca, are independent standard Brownian mo-
tions. The hierarchical lattice Qy is the set { = (&)ien € {0,1,...,N —1}>: 3", & < oo} with the
metric d(§,n) = min{i € NU{0}: & =n; Vj > i}

The system (1) arises as the diffusion limit of a two-type branching population model. Qy labels
the collection of colonies, (X¢ 1, X¢ 2) is the mass of the two types of population at colony &. The drift
term an (1, §)(X,,,:(t) — Xe¢,i(t)) dt accounts for migration from colony 1 to colony &£ which couples the
SDEs, and the diffusion term /2g;(X¢(¢t)) dBe;(t), ¢ = 1,2, accounts for branching of population of
type i at colony £ with branching rate g;(z1, z2)/x;.

If we choose Can (§,1) = X g ae.n eN1=2F for € # n and 0 otherwise, and let (X¢ 1(0), X¢2(0)) =

(61,0) for some fixed (01, 02) € [0,00)? for all £ € Qy, then the system (1) is amenable to a renormal-
ization analysis. In particular, we expect the block averages

Sk [k 1 k k

(KB N, XEeNY) = 5 >0 (Ka VD), X208 = (M0, 20 1), kew, @
neEQN
d(&,m) <k

where = denotes weak convergence, and (ng] (1), ék] (t)) satisfy the autonomous SDE

dz{(t) = e(0: — 28 @)dt + (FF g (28 @)paw P o), zF(0) = 01, 5
dz3 () = (02 — 247 () dt + \ (Fg)o (20 (0)awy? (1), 27 (0) = 6.

The diffusion functions ((Fc[k]g)l, (Fc[k]g)g) are the kth iterate of a nonlinear renormalization transform
of the functions g = (g1, g2). More specifically, if we let I'y’? denote the unique equilibrium distribution
of the autonomous SDE

dXi(t) = c(6h — X1 (t))dt + /g1 (X (t))dWi(t),

4
dXo(t) = c(f2 — Xa(t))dt + /g2(X (1)) dWa(t), W



for some fixed (01,6,) € [0,00)?, then

(Fan0n09 = [ g (@),

(5)
(Feg)2(01,02) = / g2(2)I'y? (d).

[0,00)2

The convergence of the block averages in (2) has only been established for mutually catalytic branching
diffusions ([CDGO04]), but it is believed to hold for a general class of diffusion functions. The goal of
our project is to analyze the nonlinear renormalization transform F', which is of independent interest.
We will identify its fixed points and fixed shapes and their associated domains of attractions, which
constitute the so-called universality classes and completely characterize the large space-time scale
behavior of the system (1). Previous renormalization analysis of hierarchically interacting diffusions
can be found in the reference, where X¢ is respectively a diffusion in [0, 1] ([DG93a, DG93b, BCGH95]),
a diffusion in [0, 00) ([DG96, BDGH97]), an isotropic diffusion in compact subsets of RY ([HS98]), a
mutually catalytic diffusions in [0,00)? ([CDGO04]), and a catalytic Wright-Fisher diffusions in [0, 1]?
([FS05]).

Below we outline the main results in the forthcoming paper [DGHSS], which puts the renormaliza-
tion transformation F, on a firm footing. First we need to define a suitable class of diffusion functions
so that (4) has a unique weak solution.

Definition 1 Let C be the class of functions
9(Z) = (91(2), 92(F)) = (x171(¥), 22h2(T)) (6)
satisfying

(i) Either hy > 0 on [0,00)? and hy is Hélder on compact subsets of [0,00)2, or hi(z1,79) =
Toy1 (w1, 22) with v1 > 0 on [0,00)2 and v, is Hélder on compact subsets of [0, 00)?.

(ii) Either hy > 0 on [0,00)? and hy is Hélder on compact subsets of [0,00)%, or ha(z1,x9) =
T172(w1, 22) with vo > 0 on [0,00)? and o is Holder on compact subsets of [0, 00)?.

Recently, Dawson and Perkins ([DP05]) have shown that for g € C, the martingale problem associated
with the SDE (4) is wellposed, which allows us to establish

Theorem 1 For all g € C and all § € [0,00)2, (4) has a unique equilibrium distribution Ly9, which is

(
weakly continuous in g. Moreover, for all g e (0,00)2,
LX) = T99  forall X(0) € [0,00)? (7)

(L denotes law).

Theorem 1 allows us to define the renormalization transformation F, on g € C (as defined in (5))
unambiguously. To guarantee that F. can be iterated, we need to impose further constraints on the
diffusion function g.

Definition 2 Fora > 0, let H, C C be the class of all g € C satisfying

gi(z1,22) < C(1+ 1) (1 + x2) + ax?, i=1,2, (8)
for some 0 < C < 0o and for all (x1,2) € [0,00)2.
Then, our next result shows that F,. is well-defined on the class H, when a < c.

Theorem 2 For all a € [0,¢), F.g is finite and continuous for all g € H,.



We believe that F. is smoothing, i.e., F.g is C* on (0,00)2, but at present we have no way of proving
this.

Finally, to be able to iterate F, infinitely often, we need to restrict g to the class Hy. The next
claim is the last serious challenge remaining before setting the stage for renormalization analysis.

Claim 1 The class Hg is preserved under F,, i.e., F.g € Hqy for all g € Ho and all ¢ > 0.

It can be shown that diffusion functions of the form g = (¢g1,92) = (b1z1 + c12129, baza + cox122)
are fixed points, i.e. F.g = g, and we believe these are the only fixed points in the class Hy. Diffusion
functions of the form g = (g1, g2) = (a12? +b121 + 17172, 273 + baws + cow172) are fixed shapes, more
precisely F.g = (A1g1, A2ge) with A\; = _Cal and Ay = _Ca2 if a1,a2 < ¢. When aq or as > 0, then F,

C C

can only be iterated a finite number of times.

Claim 2 The only fized points of F, in Hqg are the four parameter family of diffusion functions
g =(91,92) = (b171 + c12122, bawy + caw122), b1, c1,b2,c2 > 0. 9)

There are no other fixed shapes of F. in Hy.

In the ensuing work, we will attempt to verify Claim 1 and Claim 2 and identify the domains of
attractions of the fixed points.
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