ESF Exploratory workshop on

Arithmetic, Geometry and Coding Theory

CIRM
12-24 May 2003, Marseilles, France

Convened by
Yves AUBRY, Gilles LACHAUD, Michael TSFASMAN
IML - CNRS
Marseille-Luminy, FRANCE

Scientific Report




Executive summary

The relation of Arithmetic to Information Theory is one of the most
fruitful among the new interfaces in contemporary mathematics.

Arithmetic includes Number Theory as well as Algebraic
Geometry from an arithmetic viewpoint, and especially Geometry
over Finite Fields, in particular the study of solutions of a system of
algebraic equations in several variables with coefficients in a finite
field.

This ESF meeting gathered two events : an instructional spring
school, followed by a research workshop. Both of them were
concerned with two interrelated major topics.

The first one belongs to fundamental mathematics, and involves
two topics : on one hand, Number Theory (especially, class numbers,
zeta functions and divisors of algebraic number fields) and, on the
other hand, Algebraic Geometry over finite fields.

These two topics are unified under the theory of global fields and
the synergy between them acts like a seesaw : for instance, any
statement in the theory of algebraic curves over finite fields, that is of
the theory of function fields in one variable, has its counterpart in the
theory of algebraic number fields, and conversely.

Of course, the Riemann Hypothesis, which is the heart of the
theory, is proved in the function field case. This is equivalent to the
Weil bound for the number of points of a curve over a finite field. The
meeting offered the opportunity to get more information on the
maximal number of points of a curve of given genus over a field with
q elements. The Weil bound has been extended to varieties of higher
dimensions (Deligne theorem) and can be improved in many specific
cases. Hermitian varieties are maximal and caps on these varieties
have remarkable combinatorial features

The Riemann Hypothesis remain a conjecture in the number
field case. But the function field case provides a fruitful source of
speculations for the number field case. This has been apparent during
the meeting, for instance with the description of the Picard-Arakelov
group of Number fields. On the other hand, most of the results on the



zeta function of number fields can be stated (and sometimes proved)
in the general framework of the Selberg class

The second topic is relevant to applied mathematics and is
related to Error Correcting Codes and Mathematical Cryptography.

Among the new technologies in Computer Science, more and more
sophisticated mathematical tools have been recently introduced in
Information Theory, specifically in security protocols for data
transmissions. This is especially true in the following areas :

Cryptography,

Error correcting and error-detecting codes in data transmissions
in Galois fields and Galois rings ;

Generation of random sequences, feedback shift registers.

The discovery of algebraic geometry codes in the eighties created a
link between the algebraic theory of curves and the combinatorial
theory of linear codes, showing that families of codes could go beyond
the Varshamov-Gilbert bound. The design of codes lies on families, or
towers, of algebraic curves with many points. The explicit
construction of optimal towers of curves was one of the main features
of the meeting. This leads to an explicit construction of optimal linear
error-correcting codes, &c. In the same way, euclidean lattices, the
subject of geometry of numbers, leads to the construction of sphere
packings and spherical codes, which are widely used in these
applications.



Scientific Content of the events

Instructional lectures :
Algebraic Geometry and Information Theory

(A.G.I.T)

1. Algebraic curves over finite fields
(Arnaldo Garcia)

The core of applications of algebraic geometry to Information
Theory lies on properties of varieties over finite fields, and the number
of points of non singular varieties is the most significant invariant.

The number of points of curves obeys to a family of explicit
constraints known as « explicit formulas ». Any infinite family of
curves must satisfy the Dinrfeld-Vladut bound ; those reaching this
bound are called optimal. During the meeting, a comprehensive
account of construction of such families has been described : they are
the so-called “optimal towers” and are related to modular towers.

2. Mathematical Background of Public Key Cryptography
(Gerhard Frey)

One of the most efficient tools in Public Key Cryptography are
discrete logarithms. The mathematical task is to construct groups of
large prime order in which it is easy to add but very difficult to
compute the discrete logarithm.

One can use ideal class groups of rings of integers in global fields
for this purpose. leads to the arithmetic of hyperelliptic curves and
their Jacobian varieties over finite fields for which we shall establish
explicit addition formulas.

The rich structure of these objects and especially the Galois action
will imply both possibilities of attacks and of constructions relying on
point counting by the use of l-adic and p-adic representations on
spaces of differentials.

The main topics were :
Public Key Cryptography, Discrete Logarithms
Computational Aspects of Picard Groups
Duality of Abelian Varieties and Discrete Logarithms



Point Counting by cohomology methods

Class fields and Class Groups of global fields, extensions of the
Brauer-Siegel Theorem, estimates on zeta and L-functions
Number of points of curves and varieties over finite fields
asymptotic estimates, explicit formulas

Algebraic-geometric codes, constructed from curves and
varieties over finite fields, quantum codes

Properties of the Discrete Logarithm in Abelian Varieties, one-
way functions, bent functions.

3. Sphere packings in Euclidean and Hamming spaces
(Gregory Kabatianski):

The contents were :
- Sphere packings in general metric spaces
- Minkovski-Hlawka-Varshamov-Gilbert bound
- Spherical codes and error-correcting codes : a unified approach to
upper bounds. Examples of optimal or near optimal packings
- Constructions of lattice packing of spheres via error-correcting
codes.

4. Elliptic curves over finite fields and algorithms
(René Schoof):

Assuming some basic properties of algebraic curves, the theory of
elliptic curves over finite fields will be discussed. This includes in
particular, the distribution of elliptic curves with respect to their
number of points and a description of the various endomorphism rings
that may occur Several algorithms involving elliptic curves over finite
fields will be studied.
- Number theory, algebraic numbers, global fields, class numbers,
regulators, class field towers.
- Algebraic varieties over finite fields, modular varieties, curves
and their Jacobians, Frobenius distributions.
- Zeta-functions of global fields, analytic methods and bounds,
asymptotic theory.
- Picard-Arakelov theory
In the well known analogy between the theory of function fields of
curves over finite fields and the arithmetic of algebraic number fields,
the number theoretical analogue of a divisor on a curve is an Arakelov



divisor. More precisely, we attach to every Arakelov divisor D its
effectivity, a real number between 0 and 1. This notion naturally leads
to another quantity associated to D. This is a positive real number
which is the arithmetic analogue of the dimension of the vector space
of sections of the line bundle associated to a divisor D on an algebraic
curve. It can be interpreted as the logarithm of a value of a theta
function.



ESF meeting :

Arithmetic, Geometry and Coding Theory
(AGCT)

Main features

Special Conference

A conference has been delivered by Jean-Pierre Serre, Abel Prize
2003, on “codes, spinors, and the essential dimension”.

General
Characterization of finite solvable groups

Geometry of Numbers

Euclidean minima
New constructions of spherical designs

Number of points of curves and varieties over finite fields

Number of points of toric varieties

Weil bound for singular curves
Superellipitic jacobians
Chevalley-Warning theorems

Caps on hermitian varieties
Characterization of certain maximal curves

Towers of algebraic curves over finite fields

Towers of function fields over finite fields, non Galois towers
over GF(q), where g is a square or a cube
Modularity of optimal towers



Zeta functions of number fields

Distinct zeroes in the Selberg class of zeta functions

Estimates of the class number of CM-fields and residues of zeta
functions

Zeta function as an integral of The Picard-Arakelov group of a
number field and the Riemann Hypothesis

Codlng theory and cryptography

Distribution of codes

Complexity of multiplication in finite fields

Non linearity of boolean functions
Error-correcting capability of codes

Non-binary quantum codes from algebraic curves.
Codes over p-adic rings

Codes over the Galois ring GF(8).



ESF Instructional lectures
Algebraic Geometry and Information Theory

Programme
Lundi 12 mai

9h30 - 10h30 René Schoof : Elliptic curves over finite fields and
agorithms.

11h00 - 12h00 Gerhard Frey :Mathematical Background of Public
Key Cryptography.

14h30 - 15h30 René Schoof : Elliptic curves over finite fields and
agorithms.

16h30 - 17h30 Arnaldo Gar cia : On Curves and Function Fields over
finite fields.

Mardi 13 mai

9h30 - 10h30 René Schoof : Elliptic curves over finite fields and
agorithms.

11h00 - 12h00 Gerhard Frey :Mathematical Background of Public
Key Cryptography.

14h30 - 15h30 René Schoof : Elliptic curves over finite fields and
agorithms.

16h30 - 17h30 Arnaldo Gar cia : On Curves and Function Fields over
finite fields.

Mercredi 14 M ai

9h30 - 10h30 René Schoof : Elliptic curves over finite fields and
agorithms.

11h00 - 12h00 Arnaldo Gar cia : On Curves and Function Fields over
finite fields.



Jeudi 15 Mai

9h30 - 10h30 Gregory Kabatianski : Sphere packingsin Euclidean
and Hamming spaces.

11h00 - 12h00 Gerhard Frey :Mathematical Background of Public
Key Cryptography.

14h30 - 15h30 Gregory Kabatianski : Sphere packingsin Euclidean
and Hamming spaces.

16h30 - 17h30 Arnaldo Gar cia : On Curves and Function Fields over
finite fields.

Vendredi 16 Mai

9h30 - 10h30 Gregory Kabatianski : Sphere packingsin Euclidean
and Hamming spaces.

11h00 - 12h00 Gerhard Frey :Mathematical Background of Public
Key Cryptography.

14h00 - 15h00 Gregory Kabatianski : Sphere packingsin Euclidean
and Hamming spaces.

15h15 - 16h30 Arnaldo Gar cia : On Curves and Function Fields over
finite fields
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ESF meeting
Arithmetic, Geometry and Coding Theory
(AGCT)

Lundi 19 M ai
Séance du matin Président S. Vladut
10h00 - 10h50 M. Tsfasman : 49 and beyond.

11h20 - 11h50 M. Perret : A Chevalley-Warning theorem on toric
varieties,

12h00 - 12h30 Y. Aubry : Zeta functions and bounds “"ala Weil".
Séance de I'aprés-midi Président R. Schoof

16h00 - 16h50 G. Lachaud : Integration on the Picard-Arakelov
group and the Riemann Hypothesis.

17h20 - 17h50 K. Srinivas: Distinct zeroes in the Selberg class.

18h00 - 18h30 S. L ouboutin : Explicit bounds on residues of zeta
functions and applications.

18h40 - 19h10 F. Hajir : Galois p-groups unramified at p (after N.
Boston).
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Mardi 20 Mai
Séance du matin - Président T. Hoehol dt

9h30 - 10h20 M. Skriganov : The Rosenbloom-Tsfasman metric and
related topics in codes, discrepancy and harmonic analysis.

10h50 - 11h20 G. van der Geer :
11h30 - 12h00 A. Barg : Estimating the distance distribution of codes.

Séance de |'aprés-midi Président B. Kunyavski

16h00 - 16h50 E. Bayer : Minima euclidiens.

Pause

17h20 - 17h50 C. Bachoc : A new construction of spherical designs.

18h00 - 18h30 E. Howe : Improved upper bounds for the number of
points on curves over finite fields,

18h40 - 19h10 S. Ballet et R. Rolland : Tensor rank of the
multiplication in finite fields.

Mercredi 21 Mai

Séance du matin - Morning session Président W.-C. Winnie Li
9h30 - 9h45 M. Gyllenberg : (European Science Foundation),
Information about funding possibilities from the ESF.

9h45 - 10h30 H. Stichtenoth : Towers of function fields over finite
fields.

10h45 - 11h30 P.H.T. Beelen : Graphs and towers of function fields

11h45 - 12h30 A. Garcia : On certain non-Galois towers over Fg2 and
Fos.
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Jeudi 22 Mai

Séance du matin - Président E. Bayer

9h30 - 10h20 W.-C. WinnieLi : Modularity of optimal towers.
10h50 - 11h20 . Zarhin : Homomorphisms of superelliptic jacobians.
11h50 - 12h20 K. Thas : Number of points of a hypersurface (by
combinatorial methods).

Séance de I'aprés-midi Président J. Hirschfeld

16h00 - 16h50 B. Kunyavski : Application of arithmetic geometry to
characterization of finite solvable groups.

17h00 - 18h00 J.-P. Serre: Codes, Spineurs et~ dimension
essentielle".

18h30 Réception en I'honneur de J.-P. Serre
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Vendredi 23 Mai

Séance du matin Président S. Ghorpade

9h30 - 10h00 O. Moreno : Chevalley-Warning-Ax-Katz type results
and applications.

10h10 - 10h40 J. Hirschfeld : Caps on hermitian varieties.

11h10 - 11h40 |. Duursma :p-adic codes.

11h50 - 12h20 F. Rodier : Nonlinearity of boolean functions.

Séance de I'aprés-midi Président G. Kabatiansky

14h00 - 14h30 T. Helleseth : Error-correcting capability of codes.

14h40 - 15h10 J. Walker : Non-binary quantum codes from algebraic
Curves.

15h20 - 15h50 O. Geil : On the performance of Hyp g(s,m) and Herm
a(sm).

16h10 - 16h30 P. Solé: Codesover Z/8 Z.

16h35 - 16h50 M. Abdon : A characterization of certain maximal
curves.

16 h55-17h 10 M. BrassAmoros: Acute numerical semigroups and
the order bound on the minimum distance.
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Statistical information on participants of the
Instructional lectures

The total number of participants of the Instructional lectures was equal
to 50.

There were 11 differents representated countries : Brazil, France,
Madagascar, USA, Germany, India, Russia, Danemark, Italy, Suisse
and Singapore.

There were 56% of frenchs, 14% of russians, 8% of germans, 4% of
italians, 4% of brazilians, and 2% of all the others countries.

There were 76% of europeans.

There were 20% of women (historically, the Mathematics are not a
domain where the place of women is very large, thus twenty percents
isavery good number).

The young researchers constituted 60% of the participants.
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Statistical information on participants of the

ESF meeting
Arithmetic, Geometry and Coding Theory

The total number of participants of the ESF meeting « Arithmetic,
Geometry and Coding Theory » was equal to 79.

There were 19 differents representated countries : Brazil, France,
Madagascar, Japan, USA, Germany, Antilles, Spain, India, Russia,

Norway, United Kingdom, Israel, Belgium, Danemark, Italy, Suisse,

Turkey and Netherlands.

There were 43% of frenchs, 13% of americans, 9% of russians...
There were 70% of europeans researchers.
There were 19% of women.

The young researchers constituted 34% of the participants.
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