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Jacek Szybowski
Computation of the homological Conley index over the phase space for semidynamical systems with discrete time
This ESF exchange visit (Ref. 3808) of Dr. Jacek Szybowski (AGH University of Technology, Krakow, Poland) at the University of Minho, Braga, Portugal took place on August 3-28, 2012. It was part of the project aimed at the development of an algorithmic method for the computation of the homological Conley index over the phase space conducted by Dr. Szybowski, Dr Pawel Pilarczyk (University of Minho, Braga, Portugal) and Dr. Kinga Stolot (AGH University of Technology, Krakow, Poland).

During the visit, we were discussing the details of a complicated definition of the homological Conley index over the phase space for semidynamical systems with discrete time. The index has been successfully defined and we have completed the proof of its correctness. The main theoretical result of our work is the theorem which says that the index is a topological invariant for the semidynamical system and the isolated invariant set, which is independent on the choice of an isolating neighborhood and of an index pair. We have also managed to prove the Wazewski and the continuation properties which are crucial for the study of dynamics of isolated invariant sets. The additivity property, which we hope to prove as well, is the subject of our future work. The theoretical part of this work has been done in cooperation with Dr. Stolot.
Another goal that we achieved during the visit was the improvement of a prototype computer program that we were working on during the short visit of Dr. Pawel Pilarczyk at the AGH University of Technology, Krakow, Poland in May, 2012. The program computes the homological objects (spaces and homomorphisms) necessary for the computation of the homological Conley index over the phase space. These objects are constructed using cubical grids in Rn and combinatorial cubical multivalued maps, as implemented in the part of the CHomP software programmed by P. Pilarczyk. We also developed an algorithm for constructing combinatorial index pairs of Kaczynski-Mrozek's style in an isolating neighborhood built of full cubical sets in Rn, satisfying the properties necessary from the point of view of the underlying theory. The program is able to process simple examples and we have already tested several ones in the 2 dimensional case.
The visit resulted in the preprint “Towards the automatic computation of the Conley index over a base” which we have recently sent to the rigorously refereed Proceedings of the 9th AIMS Conference at Orlando which took place in July 1-5 (for the details see: http://www.aimsciences.org/conferences/2012/2012_proceedings.html). In this paper we introduce the homological version of the definition the Conley index over the phase space and the algorithms that contribute towards the automatic computation of this index. These algorithms are based upon the coverage of the phase space with a grid of compact subsets with disjoint interiors, and make the process of constructing appropriate index pairs automatic, followed by algorithmic computation of the homological objects involved in the definition of the object (both homology of spaces and homomorphisms induced in homology by maps). We show the example the core part of the Conley index over the phase space can be automatically computed using this machinery, while certain equivalence relations must be still verified by hand at the current stage of the research. In the preprint we acknowledge the support obtained from ESF Research Networking Programme on Applied and Computational Algebraic Topology.
As far as the future cooperation between Dr. Szybowski and Dr. Pilarczyk is concerned, we are planning to prepare a paper describing the results achieved during the exchange visit and to publish it in an international peer-refereed academic journal. Our next goals are: work on the additivity property of the index, prepare more interesting higher-dimensional examples, and try to define the index over a general base (not necessarily the phase space).
