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Summary

The workshop « Advances in String Theory, Wall-crossing and Quaternion-Kähler Geometry » took place at Institut Henri Poincaré in Paris, from August 30th till September 3, 2010. It gathered more than 50 theoretical physicists and mathematicians with a math:physics ratio of about 1:3. Among them, 31 came from other countries (USA, UK, Germany, Italy), while the others were members of one of the theoretical physics and mathematics institutes in Paris area. 
This workshop mainly focused on the following topics, which have been the focus of much recent activity at the interface between physics and mathematics :

a) Hypermultiplet moduli spaces, instantons and BPS spectrum in N=2 gauge and string theories.

b) Hyperkähler, quaternion-Kähler, and twistor geometry.

c) Wall crossing identities for BPS and generalized Donaldson-Thomas invariants.

d) Topological strings and integrable structures.

There were one 1h30 long survey lectures every morning, followed by three 45min research talks. 

The feedback we got after the workshop was very positive, and we feel entitled to say that the wall-crossing between physics and mathematics did take place successfully. To quote one of the participants, «  it was one of those rare workshops you leave from feeling that it will have a big impact on the field. ». 

Description of the scientific content of the workshop

We summarize below the contributions of the various speakers according to the topics listed in the summary.
a) Hypermultiplet moduli spaces, instantons and BPS spectrum in N=2 gauge and string theories.

Understanding and computing non-perturbative instanton corrections to the hypermultiplet (HM) moduli space  in N=2 supersymmetric theories in D=4 and D=3 dimensions is an outstanding open problem which formed one of the central themes of this workshop. By various chains of dualities, this problem is closely related to the  spectrum of supersymmetric dyons and black holes in D=4 dimensions. Supersymmetry requiring the HM moduli space to be hyperkahler (in field theory) or quaternion-Kahler (in string theory), this problem is also strongly connected to differential geometry (topic b). These connections were briefly surveyed by B. Pioline on the first day of the workshop.

In D=4, N=2 supersymmetric field theories compactified on a circle, the hypermultiplet metric receives instanton corrections from BPS dyons whose Euclidean worldline winds around the circle. In recent work by Gaiotto, Moore and Neitzke, reviewed by G. Moore at this workshop, these corrections were computed exactly using twistor techniques for hyperkahler manifolds, and drawing inspiration from the wall-crossing formula found by Kontsevich and Soibelman in their study of generalized DT invariants (topic c). N. Dorey (joint work with Chen and Petunin) presented a verification of this result in the weak coupling regime, by performing a first-principle instanton computation in the gauge theory.

In D=4, N=2 string theory vacua compactified on a circle, a similar structure holds, with BPS black holes playing the role of BPS dyons, and quaternion-Kahler geometry taking up the role of hyperkähler geometry. A. Alexandrov (joint work with Saueressig, Pioline and Vandoren) reviewed the complete construction of D-instanton corrections to the HM moduli space in type II string theories compactified on a Calabi-Yau threefold.

In contrast to the field theory case however, the HM moduli space in string theory and supergravity receives additional contributions, corresponding to Kaluza-Klein monopoles winding around the Euclidean circle, or in a dual language, to Neveu-Schwarz five-brane instantons. These instantons have no analogues in supersymmetric field theories without gravity, and therefore probe non-perturbative aspects of quantum gravity within string theory. Progress on this issue by Alexandrov, Persson and Pioline was reported, using techniques from mirror symmetry, S-duality, topological strings (topic d) and twistors.

While these studies focussed on models with N=2 supersymmetry, phenomenological applications require to break supersymmetry down to N=1 (and eventually N=0). A mechanism of choice involves compactifications with fluxes, which lead to a gauging of symmetries in the supergravity action, and eventually to spontaneous breaking of N=2 supersymmetry down to N=1. Jan Louis (joint work with Smyth and Triendl) presented the most general such gauging and explained the geometric underpinnnings of the gauging procedure.

b) Hyperkähler, quaternion-Kähler, and twistor geometry.

Over the last couple of years, much progress has been accomplished in understanding the hypermultiplet moduli space of gauge and string theories, by combining twistor methods developed by mathematicians and projective superspace techniques developed by physicists. These moduli spaces are equipped with a hyperkähler or quaternion-Kähler metric for  gauge and string theories respectively. Constructing metrics on hyperkähler and quaternion-Kähler manifolds is an active area of research in the mathematics community, and is of great importance for various problems in supersymmetric string and field theory in general.
S. Salomon gave an overview talk and a list of open problems on quaternion-Kähler manifolds, both with positive and negative scalar curvature. The relation between quaternion-Kähler geometry and the moduli space of Calabi-Yau manifolds, their intermediate Jacobians and in more general terms, abelian varieties, was explained by J. Stienstra (joint work with Baarsma, van der Alst and Vandoren), by making use of the c-map for hypermultiplets. Aspects of twistor space techniques and projective superspace were discussed in the talk by M. Roček (joint work with Lindström) for the case of hyperkähler manifolds. A. Swann reported on an interesting construction of hyperkähler and hypercomplex manifolds, by using mathematical techniques that seem to be very similar to T-duality. This was echoed in the talk by S. Sethi, who presented a construction of a hyperkahler metric with torsion analogous to the Ooguri-Vafa metric.

c) Wall crossing, black holes, and generalized Donaldson-Thomas invariants.

It is well known that the BPS spectra of N=2 four-dimensional supersymmetric gauge and string theories is a discontinuous function of the moduli, and jumps across certain « walls of marginal stability. The wall-crossing phenomena was first observed almost 20years ago in the context of two-dimensional supersymmetric field theories by Cecotti and Vafa and later in D=4, N=2 field theories by Seiberg and Witten. In the last few years, much attention has been devoted to this phenomenon in the context of supergravity. Cecotti, Moore and Denef have reviewed aspects of this phenomenon in their respective talks at this workshop.

As reviewed by Soibelman at this workshop, there is an analogous wall-crossing phenomenon in mathematics, in the context of generalized Donaldson-Thomas (DT) invariants for derived categories of Calabi-Yau type. The jump in the DT invariants can be derived from the Kontsevich-Soibelman (KS), which states the constancy of a certain (in general, infinite) non-commutative product of  elements of a certain pronilpotent group across the wall of marginal stability. These group elements , can be realized as twisted symplectomorphisms of a torus, and  acquire physical meaning in string and field theory, where they relate different Darboux coordinate systems on the twistor space of the HM moduli space. Kontsevich emphasized the ubiquity of the concept of exponential Hodge structures in various areas of mathematics.

Aganagic presented a computation of DT invariants in certain local Calabi-Yau geometries, using combinatorial techniques and relations to topological strings (topic d).

More generally, the KS formula admits a motivic generalization where the group elements lie in the quantum torus. S. Gukov (joint work with Dimofte and Soibelman) explained in his talk that the motivic DT invariants keep track of the angular momentum quantum numbers of the BPS states while Denef (joint work with Andriyanash, Jafferis and Moore) gave a physical derivation of the motivic KS formula based on « supersymmetric galaxies », i.e. certain multi-centered black hole configurations in supergravity. 

Manschot discussed the consistency of wall-crossing with the modular properties expected for black hole partition functions, and showed that indefinite theta series à la Gottsche-Zagier-Zwegers  naturally arise in this set up. 

d) Topological strings and integrable strucures.
Recent investigations have shown a connection between wall crossing phenomena, integrable systems and topological strings. One such relation arises in N=2, D=4 supersymmetric gauge theories reduced to D=2 on the so-called ‘Omega-background’. As shown by Shatashvili (joint work with Nekrasov), the vacua are classified by solutions of a Thermodynamic Bethe Ansatz-type equation, and a direct relation with Hitchin systems can be established.
This Omega-backgound, first introduced by Nekrasov, also plays an important role in topological string theory, leading to a two-parameter generalization of the topological string amplitude. A. Klemm reported new computations of these generalized amplitudes using constraints from holomorphic anomalies and modularity. 

S. Cecotti (joint work with Neitzke and Vafa) discussed another occurrence of this relation in N=2, D=4 superconformal field theories He explained that the quantum monodromy (i.e. the motivic KS product) computed from the BPS spectrum in the infrared description can be derived from a two-dimensional integrable field theory, and explained tantalizing connections with Nahm’s conjectures about the modularity of hypergeometric series and cluster algebras. He also showed the relation between the Y-system governing this 2D integrable field theory with the Y-system observed in the HM moduli space  of the gauge theory reduced on a circle. Alexandrov (joint work with Roche) further investigated properties of this Y-system, checking in particular crossing symmetries. Cecotti’s construction also relies on a variant of the Omega background, although the connection with by Shatashvili’s result remains to be understood.

Results and impact of the event on the future directions of the field

The workshop has covered some of the most exciting developments which have occurred in the last two to three years at the interface between theoretical high energy physics (in particular, string theory and supergravity) and mathematics (in particular, differential geometry, algebraic geometry, homological algebra).   

The novel relations between wall crossing, integrable models and hypermultiplet moduli spaces were one of the highlights of the workshop, and understanding them further appears to be a very promising avenue for further research. 

Although the light format did not permit to accommodate all requests from participants to speak, it did allow for many vibrant discussions. A few weeks after the workshop ended, some collaborations directly prompted by the workshop have already started to form (e.g., Manschot, Pioline and Sen are preparing a paper on the physical interpretation of the Kontsevich-Soibelman and Joyce-Song wall-crossing formula in terms of multi-centered black hole configurations).

The feedback we got after the workshop was very positive, and we feel that the wall-crossing between physics and mathematics did take place successfully. To quote one of the participants, «  it was superbly organized, very effectively focused, and it was one of those rare workshops you leave from feeling that it will have a big impact on the field. ». 
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