FEEDBACK ITTMs AND MODAL SET THEORY

PROJECT REPORT

The purpose of the grant was to attend the workshop “Large Cardinals and Descriptive Set Theory” in Vienna from June 21 to 27, 2009, to speak with collaborators in order to make progress on questions about feedback ITTMs and modal set theory. Modest progress was made on both topics.

Regarding ITTMs, I spoke at length with Joel Hamkins and Phil Welch, as planned. Although they’ve done the most work on ITTMs so far, they are less familiar with the framework and questions I’ve set up. So much of our conversation consisted of clarifying the basic definitions and known results, which was necessary to get them up to speed, and also useful to me, to deepen my understanding of the subject. Once that had been accomplished, Phil made the connection with Δ03-Determinacy. It seems that the least ordinal α such that Lα satisfies Δ03-Determinacy is around the strength of the ordinals that come up with feedback ITTMs. At this point, I need to review his arguments about Δ03-Determinacy, and see whether such ordinals are smaller or greater than the ones computed by feedback ITTMs. (I dare not hope that these ordinals are equal.) Also, some other workshop participants heard us talking about this, and got interested themselves. Maybe they’ll contribute to a solution. In about a month I will attend the meeting on higher computability and model theory in New York, where ITTMs will be a regular part of the program. I intend to continue my conversations with Joel and others there.
Modal set theory is a tougher subject to begin with. Instead of having a well-defined, technical question, Benedikt Löwe and I want to develop a subject here. Happily, Joel Hamkins also got interested in the topic, which is not surprising, since it was he and Benedikt who are the primary forces behind the modal logic of forcing. Again, we had to go over some of the basics, to get everyone up to speed. After that, perhaps the best outcome was having identified some colleagues with a background in modal logic and in philosophy who might be interested in working or consulting on this too. In the long run, it would be important to develop questions and methods of wide interest, and for that we are well advised to turn to people who have done related work or belong to the potential audience for this work. A substantive connection made is that, since constructive (propositional) logic can be interpreted in modal logic (S4), perhaps modal set theory can be approached as an extension of constructive set theory. For instance, maybe every model of modal set theory has an inner model of constructive set theory, or maybe every one of the latter has a canonical extension to one of the former. Such a connection is already imaginable for Kripke and topological models, but regarding realizability, apparently there is not yet a realizability semantics for modal logic. That would be an interesting thing to develop.
Of course I wish I could report some new theorem or other tangible outcome. Under the circumstances, we were all enticed by the workshop itself, with all its talks and other distractions, which sometimes kept us from this work. I’m satisfied that everyone is now clear what the issues are and that we have plans for how to proceed in the future.
