Final report

ESF exchange grant number 2986
New connections between set theory and model theory

During my stay at the Mittag-Leffler Institute in Djursholm (Sweden) I had the opportunity to work with Tapani Hyttinen, John Baldwin and Sy Friedman as well as with Andres Villaveces, Meeri Kesala (a former student of Hyttinen’s) and Vadim Kulikov (a current student of Hyttinen’s).

A major advancement has been achieved with Sy Friedman (in collaboration with both John Baldwin and Tapani Hyttinen). We are currently working on a paper related to Shelah’s example of an L(Q)-theory (Q the quantifier which expresses “there are uncountably many”) which shows that categoricity is not an  absolute notion for theories in that logic (the weak continuum hypothesis imples it has the maximum possible number of models in aleph1, whereas Martin’s axiom implies it is aleph1-categorical). Sy provided forcing arguments why the full strengths of neither the weak continuum hypothesis nor of Martin’s axiom are needed. On the model theoretic side, we managed to isolate abstract properties of the example which allow to carry out the arguments which prove categoricity under MA, thus generalizing the result to a whole class of AEC’s (“abstract elementary classes”). The contents of the paper are now completely worked out and it should be submitted shortly. Naturally, the generous support from the ESF will be mentioned.
Throughout the entire period of my stay, I have been working with John Baldwin on the open question whether categoricity is an absolute notion for L_omega1_omega, in particular in how far we can hope to extend the results for L(Q) to that logic. A crucial point is to find L_omega1_omega theories with a failure of the amalgamation property for countable models. A central theorem in AEC’s is that (using the weak continuum hypothesis) such a failure of amalgamation together with aleph0-categoricity implies the existence of many models in aleph1. We realized that the proof of that theorem deals with two opposite cases separately and that not one single example of the second case is known.  It appears that finding such a second-case-example could lead to an L_omega1_omega-example where categoricity is not absolute (the attempts in case-one failure of amalgamation were unsuccessful so far, and it appears for similar reasons in all examples we know, so there might be a general phenomena behind that, showing that case-one failure of amalgamation is the wrong place to look for examples). We could not conclude this work during my stay, so the question remains open. There are new inspirations in that direction which have to be checked, in particular Hruskovski-style constructions to create new examples, but the non-existence of second-case-failure of amalgamation even in general cannot be excluded for now.
In another direction concerning the question of absolutness of categoricity, we were able to show that categoricity is absolute for the case of excellent AEC’s. This is due to a characterization of categoricity similar to the first order case, using the notions of omega-stability and Vaughtian triples.  There are other cases of AEC’s where Morley-type theorems have been proved. I have been able to briefly discuss this matter with Meeri Kesala who (together with Tapani Hyttinen) has done substantial work on “finitary AEC’s”. A natural next question to pursue would be to find out if categoricity is absolute for these AEC’s.

John Baldwin came up with a new interesting notion for AEC’s: call an AEC complete if it cannot be written as the union of two classes which themselves are AEC’s. This additional requirement eliminates some pathological examples we found, in particular an L_omega1_omega sentence with all positive structural properties that are known so far, including omega-stability, which is categorical in any uncountable cardinal, but has continuum many countable models (which is impossible in the first order case). We have been discussing that notion for a while and have been trying to find examples. A still open question is how it relates to syntactic completeness and whether it implies aleph_0-categoricity (like a complete L_omega1_omega sentence  does).
With Vadim and Tapani, we have been discussing recent work on kappa-Borelness and reducibility notions in higher cardinalities. It appears that although there are many things working in a very similar manner compared to classical Borel-reducibility (i.e. for standard Borel spaces), many questions still remain open. Examples are the question of whether the jump operator behaves as well as in the classical case, and the question of finding incomparable degrees of complexity.

Finally I would like to mention that I had the opportunity to give a talk about my results connecting classical first order omega-stability and Borel reducibility. A question about whether my main counterexample (a depth 2 theory with analytic isomorphism relation for countable models) gives a complete analytic relation has been answered in the following discussion.
To sum up, major progress has been made at least in my work with Sy Friedman, and many new inspirations came out of discussions on different topics, most particularly on the topic of finding examples of AEC’s with particular failures of amalgamation, which are in the focus of my current research.
