PHASE TRANSITION AND DEGREES

IN SET THEORY: PROJECT REPORT
The purpose of this grant was to visit Andreas Weiermann in Ghent, Belgium, to work on extending his studies of phase transition and of subrecursive degree theory from arithmetic to set theory.

Since the subject was new to me, much of the work on location was me getting up to speed. This consisted of my reading the basis article “Streamlined Subrecursive Degree Theory” by Kristiansen, Schlage-Puchta and Weiermann and discussing it and related matters with the latter two authors. 
What makes this subject distinctive is that, even though the notion of relative computability (of functions from the naturals to the naturals) used here can be viewed, as with Turing or polynomial reducibility, as a kind of oracle reduction, this turns out, unlike in those and other contexts, to be equivalent to boundedness by an iteration of the oracle. So arguments that prima facie would be information-theoretic turn out to be numerical or combinatorial.
The paper above already got a good start on the degree structure based on finitary iterations. In addition, it defined transfinite iteration up to ε0, and showed that those degrees are a distributive lattice with a jump operator. During my time there, it became clear to me why they didn’t go further. The diagonalization necessarily involved at a limit stage in a transfinite iteration makes the subject essentially different.
We were able to see during this time that similar arguments as in the finitary case show that 0’ can be split into a minimal pair (i.e. two degrees that join to 0’ and meet to 0). We also identified as the likely next question the existence of a low degree (relative to an arbitrary degree). The proof in the finitary case does not simply carry over. We tried various fixes, but nothing has worked yet.
We also discussed a different kind of transfinite extension, not just the length of the iteration, but also the domain and range. Instead of considering functions on the natural numbers ω, we were looking at functions on the countable ordinals Ω. This allows for uncountable iterations, and brings up the same questions about degrees.
One question about all of these extensions is whether they get us anything new. Andreas has asked, are these various degree structures isomorphic? We tried various approaches to answer this, including the opposite extremes of showing that they are some kind of uniform, homogeneous structure or that they are maximally complicated. This, too, remains open.
As we left it, I will return in the summer for an extended visit, from which we intend to get some publications answering or at least addressing these matters.
