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The aim of the visit was to extend the collaboration between Sam Sanders and
myself on a project on connections between non-standard mathematics and
constructive analysis, viewed through the eyes of Q-invariance.

In forthcoming work, Montalban and Sanders (2013) have shown that
Q—CA (a comprehension principle stating that Q2-invariant constructions yield
“real” objects) can be added to weak systems of classical non-standard anal-
ysis to yield conservative extensions. Here, an Q-invariant construction is a
standard function F:*4 x *N — *B such that for any two infinite , »": *N,
F(u,w) = F(u,’). Then by Q—CA, there is a standard function G:*4 — *B
such that F(u,w) = G(u) for any (and all) infinite w: *N.

Prior to my visit, Erik Palmgren and Sam Sanders had established that
Q—CA is true in the filter model of constructive nonstandard analysis (Palmgren
1998). During my visit, Sam and I investigated 2—CA and variants for other
constructive systems of non-standard analysis, such as those for Martin-Lof
(1990), Moerdijk (1995), and Palmgren (1995). We didn’t reach a definite
understanding of this issue yet, but it seems that Q—CA is conservative over all
of the base systems.

A central remaining question is whether the principle (M) is conservative
over RCA§. This principle states, for ®(x) € 19 and standard x°, y°, if

(tp(x) A(Vz < x. —-q§(z))) A (@St(y) ANz <y. —@SI(Z))),

then x = y. This expresses that (H‘l))— and (H?)St—minimizations agree. This
seems very plausible but awaits confirmation.

During my visit, I updated Sam on the technical aspects of Feferman’s
systems of explicit mathematics (Feferman 1975). There’s a reasonable chance
that the might provide a good setting for studying non-standard analysis in a
type-free setting, in contrast to the usual approaches.

We still hope that this work will yield dividends for the constructive under-
standing of the infinite and infinitesimal; provide new results in the reverse
mathematics of physically applicable mathematics; and extend the nascent
interpretation of the constructive world in terms of the infinite.

We did not obtain any definite results during the visit, but we will be con-
tinuing our collaboration on this project in the future. It’s likely that our
collaboration will result in one or more publications, but so far we do not
have definite plans. We will be sure, however, to acknowledge the ESF in all
publications arising from the work.
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