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1) Purpose of the visit

The research project carried out at Jussieu, has been concerned with the reconstruction of low-dimensional arithmetical varieties from associated spectral data (L-functions, l-adic representations, quantum statistical mechanical systems). We concentrated on two, separate but related, problems:

(A) To recover an algebraic curve over a finite field, and/or all its abelian L-functions, from the zeta functions, of its finite abelian coverings.

(B) To recover a global field K, and/or all its abelian L-functions, from (the image of) the two-dimensional l-adic representations of its absolute Galois group.
We have aimed to collect a list of possible strategies for these problems.
2) Description of the work carried out during the visit

Question (A) was discussed with Professor Mézard. Some first investigations were made in particular cases of low genus, namely P1 and elliptic curves.

In general, we studied if and how G-covers, either constant field extensions or geometric extensions, with either tame or wild cyclic covers, could be recognised from and distinguished by their zeta functions, using geometric class field theory.

To obtain information on the restrictions on the ramification data of a curve, we discussed a possible application of the Oort conjecture as proven by Pop. More work needs to be done to understand the conditions required for solving the lifting problem for cyclic covers.

Since the zeta functions of abelian covers are a product of abelian L-functions, we investigated whether a combinatorial argument would suffice to recover the separate L-functions from a product.

Some other new approaches were investigated, most notably the Langlands correspondence, as proven by Lafforgue for GLn, and Fontaine theory, as described by Fontaine and Ouyang. For the former, one can translate the abelian condition into the language of automorphic representations. For the latter, we could use the equivalence of categories between mod p representations (ρ,V) of the absolute Galois group GK of the function field K of the curve, and so-called étale φ-modules M over K, where φ is a semi-linear endomorphism of M. The first question to answer would then be, whether or not abelian representations correspond to an interesting class of φ.

Question (B) was discussed with Professor Nekovář. A possible strategy for this problem is again to use the Langlands correspondence, for GL2, and to see whether the automorphic cuspidal representations we obtain from the two-dimensional Galois representations allow us to recover the number field.

Since the cusp forms are a module for the action of the spherical Hecke algebra, we discussed an “intermediate question”, namely whether the abelian L-functions could be recovered from the Hecke algebra. This turns out to hold only locally, at the unramified places.

Some first progress for the main question (B) was made by considering irreducible dihedral representations. Since these are always induced from cyclic characters, their L-functions are abelian, but defined over a quadratic extension of our number field K. We need to further investigate whether by prescribing the ramification of the characters and by varying the quadratic and cyclic extensions, one can apply descent to obtain L-functions over K itself.   

3) Description of the main results obtained


    Already for P1 it seems impossible to detect, from a given zeta function of a wild cyclic covering, whether this is an irreducible or reducible covering. Explicit examples will be computed to illustrate this.

    An elliptic curve is isomorphic to its Jacobian, and equality of zeta functions of two curves implies that their Jacobians are isogenous. Hence, geometric class field theory, which constructs abelian coverings as pullbacks of isogenies of (generalised) Jacobians, seems particularly useful here. Explicit examples of this are also to follow.

    Zeta functions of constant field extensions can be recognised from the fact that in such extensions, the genus (which can be read off from the functional equation) is unchanged. Moreover, constant field extensions are everywhere unramified, and their zeta function is simply obtained from the zeta function of the base curve by raising the power of the argument to the degree of the extension. Thus, we can distinguish between constant field extensions and geometric extensions. This is useful, since we know that to characterise a field, it is sufficient to focus on the geometric extensions.

    Tame and wild cyclic covers can be distinguished from the fact that the former always arise from an isogeny of an n-dimensional torus (where n is the degree of the extension), while the latter arise as an isogeny of a unipotent Witt group. We need to further investigate if and how this knowledge is encoded in the zeta functions. Also, in the wild case, as mentioned above, it is not possible to distinguish between reducible and irreducible such covers, by looking only at the one corresponding zeta function.

    We have proved that, whereas the combinatorial argument works for characters of small order, it breaks down for characters of order 7 and higher.

Since the Langlands correspondence has been proven for representations of the Weil group, which is the pullback of Ẑ in GK, it can only capture the constant field extensions. Hence it will probably not be useful in characterising the geometric extensions. 
4) Future collaboration with host institution (if applicable)


Initially, there will be further collaboration with Professor Mézard and Professor Nekovář by email. At this stage, there are no concrete plans for more visits.
5) Projected publications / articles resulting or to result from the grant (ESF must be acknowledged in publications resulting from the grantee’s work in relation with the grant)

The work is very much still in progress and the project needs further study before it is ready for publication.
6) Other comments (if any)

Work with Frédéric Paugam has been postponed, given the limited time available at Jussieu and the number of other questions to be addressed.
