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Symmetries and Integrability of Difference Equations — SIDE 9 Scientific Report

Conference Highlights

Please provide a brief summary of the conference and its highlights in non-specialist terms (especially for highly technical subjects) for
communication and publicity purposes. (ca. 400-500 words)

The subject of SIDE-9 conference: discrete anigiihce equations stands at the frontier of pude an
applied mathematics, and physics as well as iapipéied mathematical sciences such as theoreiicialgy
or mathematical finance. The theory of discreteaéiqus is still developing, and the integrabiligpacts,
which are the center of interest of the meetinglaeebest line of approach: it is an extremely field,
related to algebra, analysis, complexity theorydittum geometry" (and quantum physics), algebraic
geometry, and even number theory. SIDE 9 is théhnma series of biennial conferences devotetiésd
topics, which include also ordinary and partiafeliénce equations, analytic difference equatiortepgonal
polynomials and special functions, symmetries aalictions, difference geometry, integrable discrete
systems on graphs, integrable dynamical mappingsrede Painlevé equations, singularity confinement
algebraic entropy, complexity and growth of mulbixed mapping, representations of affine Weyl groups
guantum mappings and quantum field theory on thaeespime lattice.

Integrable systems are important for several reason

i) for their intrinsic mathematical and physicatarest, e.g. as universal objects of dynamics;

i) because their study has generated novel mattheshtheory and computational techniques;

iii) as a starting point for a perturbative anadysf classes of non-integrable equations;

iv) as tests for analytical and numerical methods.

It is one of the miraculous facts established akerast two decades that practically all contirsiou
integrable systems have exact discrete analogusesiloled bydifference rather than differential equations
and sharing many properties with their continucusnterparts. Such discrete integrable systems (€46)
be considered to be even more fundamental, sirgteragtic expansions in the lattice grid paramdtewa
one to derive from a single discrete integrableagiqn an infinite number of integrable continuous
equations. Therefore the study of DIS allows im@atrinroads into new mathematical territories.

Furthermore, rendering dependent variables to $iretie (ultradiscrete systems), new rich fieldsehasen
found such as integrable cellular automata, forctiai new calculus related to tropical geometry and
valuation fields is in development. Discrete intdge systems play an important role also on thatgua
level, as well in connection with conformal fieltebry and via the Baxter equation for integrable sp
systems, and in a recent developmerguaintum geometry. They enter in the novel field dfscrete
differential geometry (i.e. the discrete counterpart of classical dififtisd geometry of curves and surfaces)
through connections with Darboux andd&lund transforms, which is a rich area for futapplications, e.g.
in visualisation problems and mathematical desi§ihthese facts show, that the investigation oSDhay
and is bringing new fruitful results in other fisldf contemporary mathematics and theoretical pbysi

| hereby authorize ESF — and the conference partners to use the information contained in the above section on
‘Conference Highlights’ in their communication on the scheme.
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Scientific Report

Executive Summary

(2 pages max)

The Conference SIDE 9 took place at the Internatiblouse of Scientists "Frederic Joliot-Curie" $lfbn
the Black Sea coast near Varna, Bulgaria, frono1#8tJune 2010. Varna is Bulgaria's third largagtand
main naval port. The International House of Scitatis situated in the big international sea-sed@nt "St.
Constantine and Elena” to the North-East of Varna.

The conference was organized by

- the Institute for Nuclear Research and Nuclear Enggy, Bulgarian Academy of Sciences

- the Institute of Informatics and Mathematics, Bulgarian Academy of Sciences.

It was sponsored and supported by

. European Science Foundation

. International Center for Theoretical Physics, Tiees

. National Science Foundation of Bulgaria

. European Mathematical Society

. European Physical Society

. Institute for Nuclear Research and Nuclear EndBgygarian Academy of Sciences

Conference webpage is http://old.inrne.bas.bg/SIDE-

The conference was attended by 59 participants s@entific institutions from
all over the world. More than 30% of the particitsawere young people — PhD students and young
fellows on post doc positions. The list of partans, the conference program with the titles and
abstracts of the talks, and most of the presems#@oe on the webpage of the conference.

Arrival day of the conference was 13.06.2010; deparday was 19.06.2010

The conference started on Monday, 14.06.2010, 94®kalks and 4 posters were presented at the
conference.

Scientific Content of the Conference

(1 page min.)
» Summary of the conference sessions focusing on the scientific highlights
» Assessment of the results and their potential impact on future research or applications

The conference was structured into the followingfecence sessions:

"Discrete Painlevé & Garnier Equations and Nonlinea Special Functions”

There were several talks devoted to the Painleuateaps. Joshi’s talk was on the utilization of gedry to
find and analyze properties of solutions of diseréainleve equations. Goryuchkina discussed tineafo
solutions to the Painleve equations representadymptotic expansions of five types: the power pineer-
logarithmic, the complicated, the exotic and thi-baotic forms. All expansions of the five typeear
three singular and non-singular points of the sBdéimleve equation for all values of its four coexpl
parameters are found. K. Kajiwara analyzed theadiscretization of solvable chaotic system assediaiith
Hesse cubic curve.
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In his talk J. Hietarinta proposed that the exisgeof three-soliton solutions can in practice mwad as a
criterium for integrability. This provides a methfmt searching for integrable equations. A. Ramani
presented an extension of the QRT mapping beyanéththiliar symmetric and asymmetric varieties. dsin
our results on discrete Painleve equations, inl#gr@RT-like mappings were found whose coefficiearts
periodic functions. It was shown that there exéstas, where the periods are arbitrarily long. The
integrability of all the examples is proven angishown how they can be explicitly integratedamns of
elliptic functions. The last report in this sessimpnY. Shi was on g-discrete Painleve equationiend
associated linear problem.

"Characterisations of integrability”

Five talks by G. Grahovski, V. Gerdjikov, V. Dryumd. Visinescu and A. Visinescu were devoted ® th
analysis of integrable nonlinear evolution equaidd. Grahovski studied the soliton perturbatiafshe
Camassa-Holm hierarchy. He used the so-called gksent Fourier transform (GFT) which provides a
natural setting for the analysis of small pertudrat to an integrable equation: starting from apusoliton
solution one can 'modify’ the soliton parametechsas to incorporate the changes caused by the
perturbation. V. Gerdjikov proposed a generalizabbthe Ablowitz-Ladik method to Lie groups of hiy
rank. As a result one can derive hierarchies efgrable difference evolution equations which i th
continuous limit go into the N-wave equations, naolnponent nonlinear Schrodinger equations andsthe
V. Dryuma analyzed multidimensional Plebanski nestand their properties. He constructed particular
solutions of nonlinear differential equations defirby the Ricci-flat 6D and 8D Plebanski metriod a
studied the properties of the associated Beltraapilace operators. A. Visinescu reported on periadit
solitary wave solutions of two-component Zakharajiiia-Oikawa system. Using Madelung's approach
she found the velocities of the periodic solutiagyressed through Jacobi elliptic functions. MsiNéscu
talked about higher order symmetries and quantawitgtional anomalies in a covariant Hamiltonian
formulation. He showed that the quantum gravitati@nmomalies are absent if the hidden symmetrees ar
associated with Killing-Yano tensors. However confal Killing tensors are sources of gravitational
anomalies even if they are square of conformalrigHyano tensors.

"Discrete Differential Geometry"

A. Doliwa reported on the affine Weyl group symmeif Desargues maps and quadrilateral lattices.
Decio Levi presented generalized symmetry integjtghest of discrete equations on the squaredaiti
Imposing the existence of a generalized symmetrgduations defined on a square lattice he oldaane
integrability test which he used to classify samelinear affine equations which pass the multgolale A3
test.

M. Nieszporski reviewed results on integrable ditization of Weingarten rectilinear congruences.

R. Rebelo introduced definitions of finite diffex@es approximating partial derivatives on potelytiabn
orthogonal lattices are given and used them as vaeables in the discrete space. Thus he obtained
symmetry preserving discretization of PDES.

“Quantum Discrete Systems and Quantum Geometry”

The session contained 7 talks covering differepeets. The talk by S. Sergeev “Quantum Q4”
presented an important breakthrough by establishimgster solution of the star-triangle relatiothwi
Boltzmann weights defined through RuijsenaargpetiiGamma-function (recent joint work with V.
Bazhanov). In a quasi-classical limit a connectatin Adler's Q4 lattice equation was establishéte
contributions of V. Papageorgiou and T. Kouloukasltwith the Yang-Baxter maps, in particular the®
associated with the Adler-Yamilov discretizationL@ihdau-Lifschitz equations. S. Lobb, P. Xenitidmnl
Yu. Suris discussed the recent progress in thedragan formulation of multidimensionally consistent
lattice equations, in particular those of the ABS [The important property here is the “closudatien”
(also called “flip invariance”) of Lagrangians dretmultidimensional lattice, which provides an impat
novel interpretation of the Lagrangians in termsnaidiltiforms. Finally, the talk by M. Yakimov deadtith
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representation-theoretical aspects of quantum graogparticular it provided a characterizatiortrod
spectra of quantum partial flag varieties and quan$chubert cells.

Special session “Cluster algebras and Poisson maps”

There were three talks in this session. The fngt-ordy, introduced a combinatorial constructién o
recurrence relations from certain quivers (diregeaphs), and explained the classification (by Fenod
Marsh) of all quivers having a periodicity propeuwyder cluster mutation. The associated recurrences
some cases correspond to maps that are completegyrable (even superintegrable) in the Liouvidase,
and also linearizable. The second talk, by Honeticoed the talk of Fordy by describing how to tise
quiver to construct a symplectic form, in generalaospace of lower dimension, so that the corredipgn
map becomes symplectic. In particular, this comsion yields a Poisson structure for travelling wdype
reductions of the Hirota-Miwa equation, a well knointegrable partial difference equation, and fibreo
reductions such as Lyness maps. (The latter mapsdigcussed in the talk by Dinh Tran, in a différe
session.) The third and final talk in this sessi@s by Sebastian Zwicknagl, who discussed Poisteals in
cluster algebras. He started from a more genepal of quiver than those treated by Fordy, and éxgdta
how such a quiver leads to a cluster algebra ahgpia family of Poisson structures that are combpat
with the maps generated by cluster mutation. He giresented new results on the explicit constraabio
symplectic foliations, whereby the cluster algelsraiewed as the coordinate ring of an affine \grievhich
is stratified into finitely many torus orbits ofraplectic leaves. Overall the session showed tleaethre
fruitful connections between cluster algebras asdrdte integrable systems, which should leaddeeper
understanding of the latter in terms of combinaralgebraic and Poisson geometry.

“Symmetries and conservation laws of Discrete Equains”

Altogether 10 contributions were presented in seission.

Among the most relevant ones let us mention thebagc construction of conditions for the existeata
hierarchy of higher symmetries and its applicatmpartial difference equations on a square by Levi
Mikhailov and Wang. They have been able to obaaiinfinite set of conditions necessary for thesexice
of an infinite set of generalized symmetries reldig a recurrence relation. Already the first feithese
conditions provide sufficient conditions for theédgrability of classes of nonlinear partial diffece
equations on the lattice. C. Scimiterna providegteof integrability conditions for a class of dite
systems defined on the square. The presentatioKetpv, Nteumagne, Viallet and Ormerod showed the
importance of the notions of invariance, first gr@s and symmetries in the description of discsgstems
on regular or exponential lattices. The infiniteaiformalism for the description of the symmetioes
lambda symmetries of difference or differentiafeliénce equations has been clarified in the pratenst of
Levi and Winternitz showing that in many casesrtdation between the continuous case and the desisre
quite subtle. It is often necessary to go badketdasic formulation of the involved problems and o
cannot just intuitively discretize the continuaase. The 10 presentations provided new resuésapidly
developing area of fundamental research.

"Orthogonal Polynomials and Q-difference Equations”

L. Boelen analyzed orthogonal polynomials and @igcPainleve equations by noticing that the reagge
coefficients of certain semiclassical orthogondl/pomials solve discrete Painleve equations. Shado
solutions that can be computed uniquely using thendary conditions, which arise naturally in the
orthogonal polynomial context. P. Spicer talkechagher analogues of the discrete-time Toda equaiioh
the quotient-difference algorithm. The discretediffoda equation arises as a universal equaticthéothe
relevant Hankel determinants associated with omdvi@ orthogonal polynomials through the mechanism
of adjacency, which amounts to the inclusion oftetiweight functions in the orthogonality conditiol his
mechanism is extended to a new class of two-variatihogonal polynomials where the variables deded
via an elliptic curve. This leads to an 11-poinadulinear equation for the associated Hankel dateants,
together with its Lax pair, which is derived frohretrelevant recurrence relations for the orthogonal
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polynomials. In a similar way as the quotient-diéiece (QD) algorithm is related to the discreteetifioda
equation, a novel quotient-quotient-difference (Q@Eheme is presented for the 11-point quadrilinear
equation. R. Sasaki’s talk was devoted to exceptiorthogonal polynomials and difference Schrodinge
equations. Recently, several series of infinitegnmexceptional orthogonal (Laguerre, Jacobi, dviland
Askey-Wilson) polynomials were constructed by Od&keaki as exact solutions of the ordinary and
difference Schrodinger equation in one dimensidrest polynomials are exceptional in the sensdhbgt
start from degree L>1 and thus not constrainediyygeneralisation of Bochner's theorem.

“Integrability Detectors”

The topic of this session was analyzed in thentsgay J. Satsum&/. Papageorgiou, and C. Viallet.
Satsuma’s repogresented several ultradiscrete analogues of rearlimtegrable systems and discussed on
the properties of their solutions. The various sypeYang-Baxter (YB) maps were explained by V.
Papageorgiou. He started with the lattice equatsoich as (KdV, Bousinesque) and and related to them
degenerate YB maps. Next he explained how one cdrom degenerate to non-degenerate YB maps.
Finally he presented YB maps for Lax operatorslbptie curves. Viallet's talk was devoted to the
invariants of discrete integrable systems. As t@icon of integrability he proposes the vanishifghe
algebraic entropy. Then he shows that the degfrde= map grows polynomially rather that exporedhti

If the growth is linear the linearizability followQuadratic growth is standard for "classical”" medi&e
QRT or discrete Painleve. Higher rates of growthensdso analyzed.

"Random Matrix Theory and Isomonodromy Transformations”

As for the scientific highlights of the confereringeresting results were the work by Levi, Mikhailand
Wang on existence of higher order symmetries diglatifference equations, and also the resultsgted
by Lobb, Xenitidis and Suris on Lagrangian struesuof lattice equations. P. lliev’s talk washogpectrality
of multivariable orthogonal polynomial$he polynomials orthogonal on the real line satestirree term
recurrence relation, i.e. they are eigenfunctidres econd-order difference operator acting onhe T
polynomials which are also eigenfunctions of a sdeorder differential or difference operator actorgx
have many applications and can be obtained astiedsor limits of the Askey-Wilson polynomials.i8e
classification results and bispectral propertiesrialtivariable orthogonal polynomials are given.

0. Kounchev discussed a new new point of view lierrhultivariate orthogonality and isospectral
deformations. By introducing the so-called pseuddp@ measures a new approach to multivariate
orthogonality is proposed, which can be a soufeceew integrable models, and new isospectral
deformations. A. Dzhamagyroposed geometric configurations related to maé#actorizations. He studied
rational Lax matrices represented as products asdike-Potapov factors and showed that the exchange
rules for the components of such factors can healized by labeled atomic trivalent graphs. In igatar,
the configuration corresponding to the transpasitibtwo such blocks is a cube and both the couniecice
of the Lagrangian coordinates and the expressiothélLagrangian itself can be readily obtainedrfitbe
labeling of the edges and the vertices of this cube

Forward Look

(1 page min.)
» Assessment of the results
# Contribution to the future direction of the field — identification of issues in the 5-10 years & timeframe
= |dentification of emerging topics

A number of important open problems were padrdut during the conference which will attract the
attention not only of the participants, but alsdledir colleagues around the world. We briefly nn@mbnly
two of them.

We start with the problem of finding suitaihéegrability detectors for discrete systems and nonlinear
difference equations, where the algebraic geonwétrgtional surfaces, notions of complexity in terof
algebraic entropy, the theory of growth of meronmicgunctions (Nevanlinna theory), and Diophantine
approximations in number theory have been usedwaseas of discrete integrability detectors.

Another important topic is the quantum disergystems and quantum geometry. The possibilibbtain
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a master solution of the star-triangle relationhwBoltzmann weights is important also for apgii@as in
statistical physics.

SIDE belongs to a series of biennialfecences. The next two conference sites have diéerally
accepted by the steering committee. SIDE-10 takeepih China in 2012 and SIDE-11 will take place in
India in 2014.

= |s there a need for a foresight-type initiative?

Atmosphere and Infrastructure

» The reaction of the participants to the location and the organization, including networking, and any other relevant comments

A number of discussions friendly an collegial atmosphere took place not only during the sessions of the
conference, but also during the coffee breaks and the free time. It was enhanced by the conference dinner and by the
sightseeing of the center of the city of Varna which was conducted in the free afternoon. The participants were

showing satisfaction with both the location and @éhganization of the conference.

Sensitive and Confidential Information

This report will be submitted to the relevant ESF Standing Committees for review.

In order to promote transparency, it is ESF policy to also publish the Scientific Reports on its website. Any confidential information (i.e. detailed
descriptions of unpublished research, confidential discussions, private information) should therefore not be included in this report. Confidential
issues can be addressed in the next page, which will not be published.

X | hereby authorize ESF to publish the information contained in the above Scientific Report on the ESF Research
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